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Background Information

Li Chen believed that the work on gradually varied extensions has absolute importance in theory and practice in mathematics, computer science, and artificial intelligence.  

Recently, Professor L. Zadeh gave the credits to his work on related topics "I looked at chapters 8 [Ch8 gradually varied functions, in Li Chen, Discrete Surfaces and Manifolds, 2004] and l0 but made no attempt at following your exposition in detail since your theory extends beyond my competence. But what is quite obvious is that your ideas are original and highly interesting. Please accept my congratulations."

Several years ago, Professor Zdzislaw Pawlak at Polish Academy of Sciences, the founder of rough set theory, wrote to Li Chen: “Thank you very much for your kind letter and the reprint of your paper on gradual variation.”  “I am convinced that this is very important issue both philosophically and practically.” 

“From the philosophical point of view it seems to me that idea of continuity, or in other words the concept of a real number, is not understood fully yet and the example of rough continuity  (or gradual variation confirm this. There is kind of contradiction between how we think (real numbers) and how we measure and compute (rational numbers). We cannot measure or compute with real numbers. Thus it seems that there is a gap between how we think and how we compute or measure.” 

“Of course the applications of gradual variation for image processing, control, measurement is of great importance, but I guess that the philosophical problems here is also important.”
Li has been thinking to apply an award/ fellowship/funding using his original work on gradually varied surface fitting, a pure discrete surface fitting method. He tries to verify the work is truly original meaning that it was not implicitly or explicitly included in others’ work in related areas in mathematics especially in Graph Theory, Computational Mathematics, and Constructive Mathematics. 

Starting at April 2005, he sent numerous of emails to mathematicians to find out if his work is correct and is there any related work he did not know.     

Professor David Mount with specialty in computational geometry and theoretical computer science at University of Maryland verified the main theorem that states any graph can gradually varied extend to a tree is correct.

Professor Geir Agnarsson with specialty in graph theory at George Mason University pointed out that absolute retracts, a major development of graph homomorphism, are highly related to gradually varied extensions. 

Professor Douglas Bridge, the co-author of the famous book Constructive Analysis, replied: “I’ve had a look (not a detailed one) at the relevant section of your paper. It seems fine to me.” This is because a gradually varied function(al) can be built on a constructive metric space. Li was asking if the terminology in his paper is appropriate. 
It is very obvious that Li Chen should clarify or make the following questions to be transparent:  

 “What is the relationship between Absolute Retracts and gradually varied extension? “ and “Who made the first contribution?”   

Gradually Varied Extensions and Absolute Retracts 

The original purpose of gradually varied extensions is to get a function based on a set of guiding points; both the domain and range are discrete spaces. A retract is a homomorphism or edge-proving map “f” from a graph G to its sub-graph H such that f(h)=h for all h in H.  H is called a absolute retract if any G, that G contains H and d(x,y) in H is equal d(x,y) in G, can retract to H.     

These two concepts are highly related or almost the same since the domain and range in gradually varied extensions can be viewed as two graphs. 

The first result of gradually varied extensions was published in 1989, and it is shown as follows:

Definition 1: Let $A_1,A_2,...,A_m$ be $m$ rational numbers with $A_1 < A_2 <,...,< A_m$, $D$ is a discrete space or a graph. A function $f_{D}: D\rightarrow \{A_1,A_2,...,A_m \}$ is called gradually varied if for any point $x\in D$, $f_{D}(x) =A_{i}$, all the value on the neighbors of $x$ will be $A_{i-1}$, $A_{i}$, or $A_{i}$.

Theorem 1: Let $A_1,A_2,...,A_m$ be $m$ rational numbers with $A_1 < A_2 <,...,< A_m$, and let $J$ be a nonempty (connected) subset of graph $D$. Suppose that $f_{J}: J\rightarrow \{A_1,A_2,...,A_m \}$, the necessary and sufficient condition for the existence of a gradually varied extension, $f_{D}$ is for all $x,y$ in $J$, $d(x,y)\ge d(f_{J}(x), f_{J}(y))$, where $d(f_{J}(x), f_{J}(y))=|i-j|$ if $f_{J}(x)=A_{i}$ and $f_{J}(y)=A_{j}$.

We can view $A_1,A_2,..., A_m$ be a chain so that above extension will become an edge-proving mapping when we allow two adjacent vertices into a vertex.  The result is equivalent to : 
Theorem 1’: Let H \in G and C be a Chain. Given f_{H}: H-->C. The necessary and sufficient condition of the existence of an edge-proving mapping is d_{G}(x,y)>=d_{C}(f(x),f(y)).
On the other hand, the first related result in absolute retracts published in 1987 is shown below:

Theorem 2: Let H be a (reflexive) graph. H is an absolute retract if only if H has no m-holes for m>=3.  

The word of reflexive is to preserve the original meaning of the edge-preserving (homomorphism) condition. A hole of the graph H is a pair (K, \delta), where K is a nonempty set of vertices and \delta is a function from K to the nonnegative integers such that no h \in V(H) has d_{H}(h,k)<=\delta(k) for all k\in K. A (K,\delta ) hole is called an m-hole if |K|=m.  Since a chain has no m-holes, m>=3, (intuitively), so that 

Corollary 1: A chain is an absolute retract.

It is easy to see that: 

(1) A retract is a specific gradually varied extension in the case of chains. However, 

(2) Theorem 2 is more general then Theorem 1 in terms of retracts.   

It is very pleased to see that these two important concepts are jointed. For more information on the later development of these two concepts, please see P. Hell’s book and L. Chen’s book. They are all published in 2004 and they are available in US Library of Congress and Amazon. 

The author thanks Professor Hell who sent the author a reprint of his paper. Many thanks to all professors mentioned in the note and other colleagues who helped me to search the information regarding to my research.  Many thanks to Rosenfeld’s papers on digital topology that introduced the author into this research where the author started from thinking the problem in fuzzy logic then turned into a new pure mathematical problem. 
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