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Abstract This paper presents some novel theoretical results
as well as practical algorithms and computational procedures
on fuzzy relation equations (FRE). These results refine and
improve what has already been reported in a significant man-
ner. In the previous paper, the authors have already proved
that the problem of solving the system of fuzzy relation equa-
tions is an N P-hard problem. Therefore, it is practically
impossible to determine all minimal solutions for a large
system if P # N P. In this paper, an existence theorem is
proven: there exists a special branch-point-solution that is
greater than all minimal solutions and less than the maxi-
mum solution. Such branch-point-solution can be calculated
based on the solution-base-matrix. Furthermore, a procedure
for determining all branch-point-solutions is designed. We
also provide efficient algorithms which is capable of deter-
mining as well as searching for certain types of minimal solu-
tions. We have thus obtained: (1) a fast algorithm to determine
whether a solution is a minimal solution, (2) the algorithm to
search for the minimal solutions that has at least a minimum
value at a component in the solution vector, and (3) the pro-
cedure of determining if a system of fuzzy relation equations
has the unique minimal solution. Other properties are also
investigated.
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1 Introduction

In the previous work [1], we have introduced a solution-
base-matrix as well as gave a tractable mathematical logic
representation of all minimal solutions. We also designed an
universal algorithm for the purpose of obtaining the logi-
cal representation of all minimal solutions. In addition, we
showed that a polynomial time algorithm to find all minimal
solutions may not exist if P % N P. Thus, the problem of
solving fuzzy relation equations is an N P-hard problem so
far as the computational complexity is concerned [2] [4].

In this paper, based on the solution-base-matrix, we will
prove that a branch-point-solution that is in between all min-
imal solutions and the maximum solution exists. That is the
branch-point-solution will be greater than all minimal solu-
tions and less than the maximum solution. Such branch-point-
solution can be calculated mathematically. Furthermore, a
procedure for determining all branch-point-solutions is
designed. We will also focus on efficient algorithms that
determine and search for certain types of minimal solutions.
We have obtained (1) an efficient algorithm to determine if
a solution is a minimal solution, (2) an algorithm to search
for the minimal solutions that has at least a minimal value
at a component in the solution vector, and (3) a procedure
to determine where a system of the fuzzy relation equations
indeed has the unique minimal solution.

2 Background

Let A = (aj, ..., a,) be afuzzy subset of set X, denoted by
Ae F(X);B=(b1,...,byp) € F(Y),and R = [rijlnxm €
F(X x Y). The system of the fuzzy relation equations can
then be written in the following matrix equation [1] [3] [5].

AoR =B (1)

Solving the system of fuzzy relation equations is to calculate
A if given R, B under the assumption, say, we choose opera-
tor “o” to be the standard fuzzy max-min operator

(composition). According to Sanchez’s theorem [6], solving
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the fuzzy relation equations is equivalent to find all minimal
solutions.

Let S be the solution set of (1). The set of the minimal
solutions of S is denoted by Low(S). For convenience, ber
represents the solutions of xr = b, and bér represents the
solutions of xr < b; where xr is the min of x and r. Then
we have,

b ifr >b

ber =  [b,1] ifr=5b )
Y ifr <b

~ | [0,b] ifr >b

ber = [[0,1] itr <b )

Theorem 1 (Sanchez’s Theorem) If the solution set S is non-
empty, then the maximum solution of (1), Amax, equals to the

maximum solution of Ao R < B, Anax, Le.,

Amax = Amax (4)

where

~

Amax = (sup(Nj_; (bjér1))), ..., sup(Nj_y (bj&ry)))).

The main result of our previous paper is that we are able to
translate the problem of finding all minimal solutions to that
of finding the all independent terms in a logical expression.
The vehicle for the expression, as it turns out, is the introduc-
tion of the solution-base-matrix Q represented as follows:

0= [Qij]nxm’ 5
where
gij = (bjerij) N (ﬂ?’:l(bjérij)). (6)

In [1], we also designated the compatible vector of the
solution-base-matrix: Let t = (¢, ...,t,), where ¢; is a real
number. ¢ is compatible with the solution-base-matrix Q if

Vjﬂ,'(li 750)/\(tl' S q,'j), fOI‘j =1,...,m. (7)

is true. In addition, let T = {¢|t is compatible with O }. We
then obtained the following theorem:

Theorem 2 Lett € T. Define

NS = {x = (x1, ..., x)lxi € NS} fori=1,...n} (8)

where S; = ﬂ;(l:l(bjér,-j) and
R S

P if t; =0,
T | min{y, sup(Si))

9
otherwise. ©)
Then x € (tﬁS’) is a solution of (1) and S = {x|x € (IﬁS’)
wheret € T}.

In order to represent and design the algorithm for finding
all the minimal solutions, we defined a matrix P = [P;; ]y xm,
where P;; is a propositional variable. If g;; = ¥ in Q, then
P;; = 0 (which means always false).
Let

I =T"_(P1j + Paj + -+ Pyj) (10)

We can expand 7 into a Disjunction Normal Form (DNF)

[4]:

7= Yge(1,2,..n P Peym (11)
Any item of 7 can be represented by
c=(Puys - Pty )(Pakyy g+ s Poig)) -
(Pak, 1+ + Puk,,) (12)
where ki - - - k; - - - k;, 1s a permutation of 1, 2, ..., n.
Let
A = {c|c is an item of I1, c is not false.}. (13)

Theorem 3 Each element in S can map naturally to an ele-
ment of A.

3 Modification of the general algorithm

The intension of this section is to modify the simplifying rule
of the general algorithm as presented in the first paper [1].
Firstly, we correct two typo errors found in the first paper. At
line 7 of page 428, “We show that a polynomial time algo-
rithm to find all minimal solutions for a general system of
fuzzy relation equations simply does not exist with expecta-
tion of P = N P.” should read “We show that a polynomial
time algorithm to find all minimal solutions for a general sys-
tem of fuzzy relation equations simply does not exist with the
expectation of P = NP.”

At the last line of page 432, “and the whole solution set
of (6) is

S =(0.3,10,0.3],0.7,0.4) U ([0, 0.3],0.3,0.7, 0.4).
should instead read “and the whole solution set of (6) is

S =(0.3,[0,0.3],[0.7, 1], 0.4)
U([o0, 0.3], 0.3, [0.7, 1], 0.4). (15)

The Simplifying rule should be accordingly modified here
to meet all situations. (line 24 of page 433 in [1])

(14)

“Rule 1: Simplifying Rule

For a single column in Q, namely the j-th column,
if only one element is not empty, namely ¢;;, in that
column, then there must be an value, o = inf(g;;)
appearing in all the minimal solutions. Thus every
other column having a non-empty element with the
same row index, e.g. g;;/, can be deleted (if g;;» con-
tains «).”

Let’s look closer via an example. It shows that if g,
does not contain «, the element g; ;- of the array can not be
eliminated.

.50.1
(x1x2)o0 (82 83) = (0.5,0.3)

The maximum solution hence is (1.00, 1.00), and the
minimal solutions are (0.50, 0.30) and (0.00, 0.50), respec-
tively.
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Its solution base matrix Q will be:

[0.50, 1.00] 7
[0.50, 1.00] [0.30, 1.00]

This rule is not entirely correct, because if it is abso-
lutely true, then the minimal solutions of above example will
reduced to only one, i.e. (0.50, 0.30).

This rule should be modified to the following:
Rule 1: Simplifying Rule

For asingle column in Q, namely the j-th column, assume
this column has only one nonempty element, namely g;;, if
there is a non-empty element in the column & and the row i,
i.e. ¢ix 7 ¥, then Q can be simplified by Q_ or Q; + QO ¢
based on the following conditions:

() If gij C gik or qij = gik, Q can be reduced to O,
where Q_ is obtained by deleting column k from Q.

(ii) Ifgix C gij, O canberepresented by Q; + Q ¢, where
Q; is obtained by replacing g;; with empty, and Q _
is obtained by deleting column k from Q and replacing
qij with gix (or gix N qij).

Proof The actual meaning of deleting a column is to reduce
the number of variables in a term of the logical expression
(10) that corresponding to a minimal expression. P;; = True
means that a; € g;; refer to Eq. (1). To find a minimal vector
A = (ay, ..., ay) also means to find a minimal cover for all
m-components in R. Because P;; and g;; has one-to-one cor-
respondence, we might as well to assign g;; has the meaning
of the logical variable P;;.
This situation can be represented as follows:

In order to make both (--- + g;jx + ---) and (g;;) true, let
Po = (- +gqix + ) = (P, + qix). Thus, Pi(qij) =
Plqij + qixqijq;; must be true for all cases. If g;; C gjx or
qgij = qik, .. inf(gij) > inf(qik), qix - gij = qij, “column
k is satisfied when we choose a; = inf(g;;),” so the column
k can be deleted. Therefore, we obtained the case (i) of the
simplifying rule.

If git C qij and qix # qij, i.e. inf(g;j) < inf(gix),
there is an valuation such that Py is ture with the value of
a; = inf(g;;). However, such a valuation requires P} is ture
because g;x - gij is false. Or we make that g;x - gij is ture
by assigning “ inf(g;x),” to a;, i.e. we ignore the value of
P/ - qij (by deleting the column k). Therefore, we got (ii).
This situation is exactly as it is described in above example.
So we complete the proof. O

4 The Branch-point-solution

In this section, we will first prove that there exists a unique
solution between any minimal solution and the maximum
solution. The new solution is said to be the branch-point-solu-
tion because the structure of the solutions begins to have many

branches after this point. This solution can be determined
mathematically based on the solution-base-matrix. Second,
we will present a procedure for all branch-point-solutions.

4.1 The Branch-point-solution Qjnf

A branch-point-solution should be referred to as a minimum
ancestor solution for two minimal solutions. In other words,
a branch-point-solution is the closest ancestor of two mini-
mal solutions. Let x = (x1,...,x,)andy = (y1,..., y,) be
the two minimal solutions. It should not be difficult to prove
that z = (max(xy, y1), ..., max(x,, y,)) is a branch-point-
solution.

However, the above strategy will not work if we ask to
find a branch point solution that is an ancestor for all mini-
mal solutions due to the established fact that finding all min-
imal solutions is N P-hard [4]. In other words, there are so
many minimal solutions, and they are exponentially increas-
ing along with the size of the solution vector.

Let’s revisit the logical expression of the solution-base-
matrix, IT. Assuming that we eliminate all P;; = O variables,
so we have:

T =T (Zgecol; Psj)

where Col; = {i|Q;; # ¥}.

After we obtain the solution-base-matrix Q, we need to
apply the simplifying rule condition (i) to Q. This proce-
dure will simplify Q, and Q only contains the single matrix.
The simplified solution-base-matrix should be used as the
new solution-base-matrix. Otherwise, the following defini-
tion may not always generate a true branch point. Please
refer to Example 3 in Sect. 5.

We now define a special vector

(16)

Qint = (Anf(NgcrowG1£)5 - -+ - - , inf (NgeRow, gne))  (17)

where Row; = {j|gi; # ¥}. Qinf may or may not correspond
to a term in IT; however, we will prove that Qjyr is a solution
of the fuzzy relation equations.

Lemma 1 Qinr is compatible with Q if Eq. (1) has a solution.

Proof If there is a column has all empty element in Q then
this FRE has no solution. If not, Qjiyf satisfies the definition
of compatibility of solution-base-matrix.

Theorem 4 Qjur is a solution.

Proof 1If there is a column has all empty element in Q, then
this FRE has no solution.

Let Qint = (a1, ..., a,) where a; = inf(Nzerow; Qi)
for all i. We might as well assume that a; is not 0. Based
upon Theorem 2,

S; ifa; =0,

. 5 . (18)
min{a;, sup(S;)} otherwise.

a[ﬁ§[ = H
According to the definition of Qjyt,

a; = inf(Ngerow; Qig) < sup(S;)
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so for alli, if a; # 0, we have

a;NS; = a;.

If a; = 0, since .§i = ﬁ;f"zl(b jérij) always contains 0, then

§,- contains a;. Therefore, Qinf € (QinfﬁS‘) that is a solution
of the FRE. a

Theorem 5 Let Amin be a minimal solution of the equation,
then Amin < Qinf.

Proof Let Apin = (my, ..., m,) be a minimal solution. If it
is not true that Apin < Qinf = (ay, ..., a,), then we have at
least an i such that m; > a; then let

AQ = (m17 ey mi—lvaivmi—Fls e 7m)’l)7

we desire to prove that A is also a solution. This is because

m; # 0 and Apj, is a minimal solution then m; € ¢;; for

some j based on Theorem 3. So A, is compatible with Q,

and m; = inf(m;NS;)
(1)

So AQ = (mQ sees

6)
Mg

,m(Q")) is compatible with Q, and

= inf(m (Qi) ﬁﬁ,-). Therefore, A g is a solution. Thus, Apin
is not a minimal solution. We finished the proof. O

The following example will explain how do we get Qjnr.
In next section, we will discuss how do we use Qj,r to search
for minimal solutions.

Example 1 Let’s look Example 1 we presented in [1],

0.3 0.5 0.7 09 0.8
0.2 04 03 06 0.5
0.7 04 0.2 0.1 0.6
0.8 09 0.7 02 04

= (0.7 0.40.40.3 0.6)

()C] X2 X3 X4) o

19

we want to obtain Qi = (ay, - .., a,) and to verify ifitis a
solution of the above equation. Based on Example 2 in [1],
we have already established

] ] w03 o
] ] 403 ¢
Q=1107,11[04,11 9 & [06 1] (20)
] 04 04 0 ]
According to the definition of Qjuf, (17), we have
QOinf = (0.3,0.3,0.7,0.4).
It is then straight forward to see that
0.3 0.5 0.7 09 0.8
0.2 04 03 06 0.5
(030.30704)0 1 05 04 02 01 056
0.8 09 0.7 02 04
= (0.7 0.40.40.3 0.6) 20

4.2 A procedure for all branch-point-solutions

After we have obtained the first branch-point-solution, in
order to obtain all of the other branch-point-solutions, we
only need to perform the Separating Rule and the Simplify-
ing Rule alternatively. First, we revisit the Separating Rule
as presented in [1]:

“Rule 2: Separating Rule

When a column has more than one non-empty ele-
ments, e.g. f non-empty elements, then Q can be sep-
arated into Q1, Q3, ..., QO , each of which has only
one non-empty element in that column. Other col-
umns remain intact (or no change). The minimal solu-
tions of Q are the minimal solutions of all O, Q»,

s 017

Second, we present the procedure to find all branch-point-
solutions. According to the logical expression (10), a solution
for Q;,i = 1,...,tis also a solution for Q. The procedure
is shown below: (1) Use the Simplifying Rule to simplify
each Q; since Q; has one column with only one non-empty

element. 2) Let Q) = Q;. Calculate Ql(rll)f based on formula
(17). Thus, Q') is a solution of Eq. (1) which is smaller than

Oint, .. Qinf > Ql(rll)f Ql(rll)f is a new branch-point-solution.
3) Remove all pathological situations and use the Separating
Rule on each Q). Repeat the process and we will have all
branch-point-solutions.

The above procedure (algorithm) will reach all minimal
solutions as well as find all branch-point-solutions. However,
the Separating Rule may cost exponential time in computa-

tion [2] [4].

5 The decision and search algorithms for minimal
solutions

Given a vector X, it is quite important to know if the vector is
a solution or it may even be a minimal solution. It is easy to
test if it is a solution since we only need to calculate the equa-
tion X o A = B. This section will present two algorithms: (i)
an O (n*m) algorithm to decide if X is a minimal solution,
and (i) an O (n?m?) algorithm to find a minimal solution.

Furthermore, we shall solve the following problem: Given
a X, if X is a solution, we want to find a minimal solution A i
such that A, < X. If X is not a solution, it is then desirable
to find a nearest minimal solution for X. The solution-base-
matrix will be proven to be very helpful in achieving what
we desired.

5.1 The decision algorithm

To decide if a vector is a solution or not is straight forward
since we only need to spend O(nm) time to multiply this
vector with the matrix R in Eq. (1), then compare the result
with vector B. An alternative way is to use Theorem 2 when



Fuzzy relation equations (II): the branch-point-solutions and the categorized minimal solutions

we need to check for a series of vectors. This method will
save time because we can calculate S before the testing pro-
cess. In order to check if a solution A is a minimal solution,
we have to test if there is a solution that is smaller then A.
This problem differs from the question of finding a minimal
solution.

If a solution A is not a minimal solution, there must exist
an i, and a; < a; such that A" = (a1, ...,a},...,a,) is
a solution. Thus, if we scan through and lower down each
component of the vector (one at a time), then we will get the
answer. However, the problem is how do we choose a smaller
a; based on a;. We do not want to test every possible x < g;
since there are infinitive numbers of x.

According to Q, each row provides us the hint to find the
next a;. It must hold true that

min{inf(g;;)|j = 1, ..., m and inf(g;;) # 0} < a;

ora; = 0. Note that inf(g;;) = 0 means g;; = #.

We also know that if A is a minimal solution, then a; # 0
must be an element of {inf(g;;)|j = 1,...m and inf(g;;) #
0}. If we sort all these inf(g;;), as denoted by S Qinf (i), then
we could let a; be just smaller than ¢; in the sorted list. So
we can design the following algorithm,

5.1.1 The decision algorithm for minimal solutions

Assume that vector A is already a solution.

Step 1 Sort inf(g;;), j = 1, ..., m in ascending order for
each row i, i.e. calculate S Qinr (7).

Step 2 Fromi = 1 ton, finding a; in the sorted list S Qinf (7).
If can not find, A is not a minimal solution.

Step 3 Select left adjacent element in SQjnr(i) to replace
a; in A. This forms A’. If a; is already the smallest one in
S Qint (i), use “0” to replace it.

Step 4 Test if A’ is a solution of (1) (or a FRE). If true, A is
not a minimal solution.

Step 5 Repeat Step 2 untili = n. If every A’ is not a solution,
then A is a minimal solution.

Theorem 6 Algorithm A is an O (n(mn)) time algorithm to
decide if a vector is a minimal solution.

Proof We could sort all rows first that we need to spend

O (mn(logm)) time. In Step 2, find a; in S Qjne (i) need O (logm)

if we use binary search. Step 3 uses constant time. Step 4
uses O(nm) time. Step 5 is a repeating process. Therefore,
the algorithm needs O (n((mn) + logm)) + O(mn(logm))
time. That is O (n((mn) + logm)). O

Example 2 We still use the example shown in Example 1.
Let’s decide if A = Qinr = (0.3,0.3,0.7, 0.4) is a minimal
solution? The row 3 in Q is ([0.7, 1], [0.4, 1], @, &, [0.6, 1]),
s0 SQinr(3) = {0.4, 0.6, 0.7}. When we get the Step 2, i=1,
we found that 0.3 is in S Qipr (1) = {0.3}. In Step 3, we use 0

to replace 0.3, s0 A" = (0, 0.3, 0.7, 0.4). In Step 4, we know
A’ is a solution of (17). So Qi is not a minimal solution. If
we test for A = (0, 0.3,0.7, 0.4), we can see none of A’ =
(0,0,0.7,0.4), (0,0.3,0.6,0.4) or (0,0.3,0.7, 0) is a solu-
tion of (17), so A = (0, 0.3, 0.7, 0.4) is a minimal solution.
This result matches the finding of Example 3 in [1].

5.2 The minimal solution search algorithms

We will show that there is an O (n2m?) algorithm to find
a minimal solution. This algorithm is called the vertical-
first push algorithm (The name is analogous to the depth-
first-search [2]).

The idea of vertical-first push algorithm is to reduce (push-
ing toward to zero) the value at a component of vector Qjnf
(or Amax) until that the vector is no longer the solution or it
equals a “0.” Assume that this vector is A. We keep the A a
solution of the FRE all the time. This algorithm will switch to
“push” next component until all components of A are pushed.
We can prove that the remaining A is a minimal solution.

An alternative pushing method is called the horizontal-
first-push algorithm (borrowed from the breadth-first-search
[2]). It pushes one level down at a component of A at a time,
then it go to next component. The algorithm will go back
to push the first component, repeat this process until none
of the component can be pushed while A is maintained as a
solution.

5.2.1 Minimal solution algorithm: vertical-first-push

Step 1 Sort inf(g;;) in ascending order for each row, S Qjnf
(@);let A = Qinf.

Step 2 Seti = 1, finding a; in S Qinr (7).

Step 3 Select left adjacent element in S Qjnr (i) to form A’
If a; is already the smallest one use “0” to replace it.

Step 4 Test if A’ is a solution of the FRE. If true, A = A/,
go to Step 3; otherwise seti =i + 1, go to Step 2.

Step 5 If i > n, Stop. A is a minimal solution.

The proof of the correctness of Algorithm B is shown
below. If there is a solution M < A, there must be a first
i from index 1 such that m; < q;. In other words, m| =
a,...,mj—1 = aj—1 but m; < a;. According to the prop-
erty: every B such that M < B < Qjyr is a solution, we
have

((my=a1),...,(mi—1 =a;—1), a;,
Oint@ + 1), ..., Oinr(n))

and

((my=a1),...,(mj—1 = aj_1), m;,

Oinf(@ + 1), ..., Oinr(n))

are solutions. The algorithm must push a; until it reaches
m;. So, such a M does not exist. There are only m possible
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different values in SQins(i), i = 1,...,n. Therefore, the
time complexity of the algorithm is O (n>m?). Thus, we have
proved

Theorem 7 Vertical-first-push algorithm can find a minimal
solution in O (n*m?) time.

Similarly, we can design the horizontal-first-push algo-
rithm.

5.2.2 Minimal solution algorithm: horizontal-first-push

Step 1 Sort inf(g;;) in ascending order for each row, S Qjnf
(i);let A = Qinr. Seti = 1.

Step 2 Finding a; in SQjinr(i). (Record the index and next
time will not do the search again.)

Step 3 Select left adjacent element in S Qin(i) to form A’.
If a; is already the smallest one use “0” to replace it.

Step 4 Testif A’ is a solution of the FRE. If true, A = A’. Set
i =i+ lmod(n). If false, mark “Done” on this component.
Seti =i+ lmod(n). Go to Step 2.

Step 5 If all components in A are marked “Done,” we have
the minimal solution.

Example 3 This example uses the fuzzy relation equations
of Klir and Yuan [6, p 159-160].

0.1 04 05 0.1
09 07 02 O
08 1 05 O
0.1 03 0.6 O

B=(080.7050)

R =

The algorithm in [6] yields the maximum solution:
(0.00 0.80 0.70 0.50)
The minimal solutions calculated in [6] are,

Al = (0.00 0.80 0.50 0.00)
Ay = (0.00 0.80 0.00 0.50)

Using our method, the solution-base matrix Q is,

@ Y Y [0.0,0.0]

[ 10.8,0.8][0.7,0.8] @ [0.0, 0.8]
0= 0 [0.7,0.7] [0.5,0.7] [0.0, 0.7]
0 Y [0.5,0.5] [0.0, 0.5]

If the above Q is used to be the solution-base matrix,
then Qinr = (0, 0.8, 0.7, 0.5). This equals to the maximum
solution, and it is not strictly a brach-point-solution.

Since the first column of Q has only one nonempty mem-
ber g1 = [0.8, 0.8] and it is the subset of ¢35 and ¢4, hence,
the columns 2 and 4 can be deleted. So the original Q can

be simplified to be a new solution-base-matrix based on the
simplifying rule condition (i),

] Y /] ?
[0.8,0.8] ¥ @ %

Q= 4 $10.5.0.7] 0
4 3105 0.5] 0
i.e.,
9 9
_[108.08 ¢
Q= g [05.0.7]
4 [0.5.05]

So, Qinf should be (0, 0.8, 0.5, 0.5). This is the new solu-
tion vector and a branch-point-solution. We will use vertical-
first-push and horizontal-first-push algorithms next to get
minimal solutions.

(a) The use of vertical-first-push algorithm (VFP):
Because vertical-first-push algorithm or horizontal-first-push
can start at any solution, let A = Apax = (0, 0.8,0.7,0.5).
We will get a minimal solution from A. Using vertical-
first-push algorithm, seti = 2, wefirstget A’=(0, 0, 0.7, 0.5)
that is not a solution. A is un-changed. Seti = 3, get A’ =
(0, 0.8, 0.5, 0.5) that is a solution. Set A = (0, 0.8, 0.5, 0.5),
get A = (0, 0.8, 0, 0.5) thatis a solution. Set A = (0, 0.8, 0,
0.5),and seti = 4. Get A’ = (0, 0.8, 0, 0) that is not a solu-
tion. Thus, A = (0, 0.8, 0, 0.5) is a minimal solution.
Ifwelet A = Qinr = (0, 0.8, 0.5, 0.5), the above process
will be faster.

(b) The use of horizontal-first-push algorithm (HFP): Let
A = Anax = (0,0.8,0.7,0.5). Let’s use HFP algorithm.
Mark “Done” on Component 1 and set i = 2, we first get
A’ = (0,0,0.7,0.5) that is not a solution. Mark “Done”
on Component 2. A is un-changed. Seti = 3, get A’ =
(0, 0.8, 0.5, 0.5) that is a solution. Set A = (0, 0.8, 0.5, 0.5).
Seti = 4, and get A’ = (0, 0.8, 0.5, 0) that is a solution.
Mark “Done” on Component 4. Set A = (0, 0.8, 0.5, 0), and
seti = 1.Get A’ = (0, 0.8, 0, 0) that is not a solution. Mark
“Done” on Component 3. Every component is marked. Thus,
A = (0,0.8,0.5,0) is a minimal solution. We can see that
VFP algorithm and HFP algorithm may generate different
results.
Either vertical-first-push or horizontal-first-push algorithm

guarantees us to get a minimal solution. To search for all solu-
tions from A = Qjyr will be studied in the following research

paper.

5.3 Qint and Low(S)

Let Low(S) be the set of whole minimal solutions of a FRE.
It also can be proved that

Qint = U{s|s € Low(S)}

U means to get a maximum number in each corresponding
component for all elements in S. We know U{s|s € Low(S)}
is a solution and that is greater than all minimal solutions.
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According to the construction method of s € Low(S), each
component of s, say s; is not greater than Qjnr (i), so we have
proved that U{s|s € Low(S)} < Qjins-

Based on the discussion of Example 3, using the sim-
plified Q, Qinr will be a branch point if Qi is not a unique
minimal solution. If every column of Q contains two or more
non-empty elements, there must be more than one minimal
solution. Otherwise, (there is a single non-empty element
column), according to the proof for the simplifying rule in
Sect. 3, after the simplification process, we can say that there
is only one minimal solution if each column in Q has only one
non-empty element (i.g. condition (1) applied to the rest of
columns), or there must be more minimal solutions in either
cases of the solution-base matrix has split into two matrices,
i.e. condition (2), or there is one column that contains two
non-empty elements. As long as there is two non-empty ele-
ments in the simplified Q, each time select one of these two
element will generate two minimal solutions.

Proposition 1 Using simplified Q, Qinr will be a branch
point if Qinf is not a unique minimal solution.

However, it may not guarantee Qinr = U{s|s € Low(S)}.
To expand Q using Separating Rule may cost exponential
time growing in computations. More investigation on this
issue is desirable.

6 Uniqueness

We will provide here an algorithm to decide whether the fuzzy
relation Eq. (1) has only one minimal solution. It is possible
to obtain this solution, if it does exist.

According to Theorem 3, the fuzzy relation equations
(FRE) has a unique minimal solution if and only if the log-
ical expression can be reduced to be one simplified item.
Therefore, we could design an algorithm that will determine
if there are at least two items that are not reducible as well as
not identical.

A natural way is to expand the logical expression (8)
which is in conjunction normal form introduced in [1].

D= (Pj+Py+-) 22)

We start at the first pair of parenthesis (first column) which
contains more than one none-zero variable. We might as well
assume that Py, P»; come from first column, i.e. j = 1, so
we at least have two items, such as:

(P11 + Py))P = PP+ Py P (23)

where P’ = Pz, - - - Pg, . formed by an item in each factor
in IT.

In many cases, Pi; P and P, P are independent. How-
ever, in the following three cases, these two items are actually
related:

(1) P actually has Pi; and Py, s,t > 2. They will refer to
the first or second component in the solution vector.

(2) P contains pig but py; with inf(g1;) < inf(gis) In such
acase, P istrue then (p11 + p21) P is true. This condition
is the same as the simplification rule.

(3) P contains py; but pyy, and inf(g>1) < inf(gy;) In such
a case, P is true then (p1; + p21)P is also true. This
condition is also the same as the simplification rule.

The procedure to test the above cases can find if there are
more than two (including two) minimal solutions. However,
it is not a complete algorithm for uniqueness test. It could be
used for hands-on exercises.

Now, we will provide a simple algorithm for testing the
uniqueness. A result to be shown as follows is not only
straight forward but it is also very useful.

Proposition 2 Let Apin = (my, ..., my) be a minimal solu-
tion.mjisnotzeroforani,i =1, ..., n.IfX = (x1,...,x,)
is a solution with x; = 0 then the FRE has at least two min-
imal solutions. Moreover, if x; < m; then X the FRE has at
least two minimal solutions.

Theorem 8 There is an O (n*>m?) time algorithm to solve the
problem of uniqueness.

Proof The idea of this algorithm is to prove there is an mini-
mal solution other than Anj, = (m1, ..., m;). Then, start at
the smallest index of components to the largest one, (or let i
just from 1 to n), make a vector

AG) = (Qlyr ., 01 =0, 014 L 08,

Pull the value of @; up until the above is a solution, and de-
note this solution as A(i) too. So we have n solutions namely
A(l), AQ2), ..., A(n).Ifforall i, a; > m; then The FRE has
the unique minimal solution, otherwise, it has at least two
minimal solutions based on Proposition 2.

Now we want to prove that if there is another minimal
solution, above algorithm will find an g; that is smaller than
m;. Assuming that B is another minimal solution, there exists
an i such that x; < m;. So
B <B(x)= (0 ..., 0= i, 0L

< Qinf-

Due to x; > 0. In other words, we can always find B(x;).
Therefore, this algorithm is an O (n?m?) time algorithm. The
proof is completed. O

24)

’ Qinnf)
(25)

If we use binary search algorithm in the sorted lists for the
possible selection of each a;, then we will have the following
significant results.

Theorem 9 (i) There is an O (n*mlog(m)) algorithm to find
a minimal solution. (ii) There is an O (nzmlog (m)) algorithm
to decide if a FRE has a unique solution.

There is an interesting open question based on the follow-
ing observation: Vertical-first-push and horizontal-first-push
search the minimal solution from different “angles,” and they
yield the different minimal solutions in Example 3. Does this
imply the following statement?
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Open Question: Perform the vertical-first-push and
horizontal-first-push algorithms on Eq. (1). If they gener-
ate the same minimal solution, then the FRE only has one
minimal solution.

7 Approximations

Finding all minimal solutions in polynomial time is impossi-
bleif P # N P.Forany given X, the question to be addressed
then is how to find a solution or even a minimal solution which
is near X.

We have described the vertical-first-push and horizontal-
first-push algorithms in the previous section. We know that
the result may be different if we start at a different component
(whom we push first) of vector Qjp.

To find a solution near X, we should have started at X by
“push” a component at a time in both up or down direction. If
we start at i-component, we will reach the minimal value on
this component. We assume that after the first push, we will
push (i 4+ 1),...,n,0,...,i — 1 components in order to find a
minimal solution V (i). We also can randomly select a com-
ponent to “push.” We got V,.4,4. The solution-base-matrix Q
provides us with a basis of that push algorithm which will
eventually guarantee that we do not have to reduce the value
continuously but just use certain numbers, say, inf(g;;).

On the other hand, the Horizontal-First-Push Algorithm
will start at i-component, but only reduce one level accord-
ing to the sorted inf(g;;)’s. Then move to (i + 1)mod(n),
and so on, until we can no longer reduce any component
value to maintain a solution. So we have H (i) that indicates

the starting pushing component. We also can use the random
selection method to decide next push component. That we
can get H (random).

Therefore, we at least have obtained the minimal solution
set that contains V(i) and H(i),i =1, ...,n.

8 Conclusions

New theorems have been presented in this paper for the sake
of completeness concerning FRE solutions. Three algorithms
as well as some pragmatic issues such as approximations
also add another dimensions toward the realization of much
needed details in effective applications. More serious re-
search work should be done in the future to build a sound
and realistic theory for the fuzzy relation equations.
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