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ABSTRACT

In this paper, we present two theorems: Classification theorem and cormer point theorem for closed digital
surfaces. The classification theorem deals with the categorization of simple surface points and states that there are
exactly six different types of simple surface points. On the basis of the classification theorem and Euler formula
on planar graph, we have proved the corner point theorem: Any simple closed surface has at least eight corner
points, where a corner point of a closed surface is a point in the surface which has exactly three adjacent points in
the closed surface. Another result reported in this paper is that any simple closed surface has at least fourteen points.

1. INTRODUCTION

Digital geometry and topology study the geometric and topological properties of digital images and objects.
It provides a mathematical foundation for important image processing and computer vision operators such as
connected component labeling, border following and contour filling!. The study of digital curves and surfaces is
one of the most important aspects in digital geometry and topology. In addition, the topological and geometric
properties of curves and surfaces in digital spaces can be applied to design fast algorithms for image processing and
computer vision?3*,

"5 In the past, some important global results have been obtained in digital topology. Rosenfeld proved an important
- theorem: Any simple closed curve must have five points in a two dimensional digital plane, where a curve is a directly
connected (or 4-connected) path®. Kong, Khalimsky and Kopperman gave a topological proof for this theorem®.
Some improvements of the Rosenfeld’s theorem have been achieved. For example, any simple closed curve must
have eight points in the sense of 4-connectedness given by Abelson and diSessa. On the other hand, Rosenfeld,
Morgenthaler and Reed showed that the Jordan curve theorem and Jordan surface theorem® 7. Recently, Herman
showed several results on multidimensional Jordan surfaces®.

This paper presents some new results on simple closed surface defined by Morgenthaler and Rosenfeld®. In
order to discuss the properties of a simple closed surface, we prove a theorem for classification of simple surface
points in Section 3 . This theorem states that there are exactly six types of simple surface points in simple closed
surfaces. We call this theorem as classification theorem.

Based on classification theorem and Euler’s Formula on planar graph!?, we proved a global theorem: Any simple
closed surface at least has eight corner simple surface points. Its proof is given in Section 4. In addition, we show
that any simple closed surface at least has 14 points in section 4.
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2. BASIC CONCEPTS AND PROPERTIES

In this section, we review some basic concepts of digital spaces and digital surfaces, and two discrete definitions

of digital surfaces given by Morgenthaler and Rosenfeld”, and Chen and Zhang respectively®!!.

A three dimensional digital space X3 is a three dimensional lattice points’ array, where each point has integer
coordinates. Two points P = (i, j,k) and P’ = (¢, j', k') are 6-adjacent if

li—#|+1i—J'l+ k- ¥]=1.

They are 26-adjacent if
maz{|i —|,|j - j'|, k- K|} = 1.

Let S be a subset of £3. The 6- and 26-connectedness can be defined by these two kinds of adjacencies respectively.
Two points p and g are 6- ( or 26-) connected if there exists a path pg,pi, ..., pn, where po = p, pn = ¢, pi and p;41
are 6- ( or 26-) adjacent.

Morgenthaler and Rosenfeld gave a definition of simple surface points; we now introduce their definition as
follows®:

Let S be a subset of T3 and p be a point in S. Let Na7(p) be the set of p’s 26 26-adjacent points. Use the
G-connectivity and 26-connectivity to S and S respectively. p is called as a simple surface point of S if

1) SN Na7(p) has exactly one component adjacent to p (in the S sense ), denote this component A,.
2) SN Naz(p) has exactly two components,C; and C2, adjacent to p (in the S sense).
3) If ¢ € S and ¢ is adjacent to p (in the S sense), then g is adjacent (in the S sense) to both C; and Cb.

S is called a simple closed surface when each point of S is a simple surface point. A surface satisfying the definition
1s called Morgenthaler-Rosenfeld surface in this paper.

Because Morgenthaler-Rosenfeld surface cannot handle the surfaces with boundaries, the authors gave another
definition of digital surfaces in reference 4,11. We now describe this definition below.

2

Definition 2.1 A line_cell (g ¢') is called a parallel-move of (p,p’) if p and p’ are adjacent to q and q
respectively; but neither p and q’ nor p’ and q are adjacent.

Definition 2.2 Two surface_cells are line_adjacent if they share a line_cell. Two surface_cells are line_connected
if there is a path of surface_cells connected with these two surface-cells, and each adjacent pair in the path are
line_adjacent.

Definition 2.3 A connected set S C I3 is a digital surface if

(1) Each line_cell of S has one and two parallel moves in S.

(2) Any two surface_cells of S are line_connected.

(3) S does not contain any 3_dimensional unit cell.
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From now, a “surface” or “digital surface” means that it satisfies Definition 2.3 in this paper. p is an inner
point in surface S if every line_cell containing p has exactly 2 parallel-moves in S. p is a boundary point of S if
there exists a line_cell containing p which has only one parallel move. The set of all boundary points is denoted by
8s.

Definition 2.4 Let p be a point of a surface S, p is a regular point if all surface_cells including p in S are
line_connected in N(27,p) = N27(p) Up. If p is both an inner and a regular point, then p is called a regular inner

surface point.

Theorem 2.1'? A Morgenthaler-Rosenfeld simple surface point is a regular inner surface point. That is, a
regular closed surface is a Morgenthaler-Rosenfeld surface.

This theorem will be used in proving classification theorem in this paper.

3. GEOMETRIC EQUIVALENCE AND CLASSIFICATION OF SIMPLE SURFACE POINTS

In order to explore the structure of simple closed surfaces, we should know the number of different types of
simple surface points. Classification theorem presented in this section states that there are exactly six different
types of simple surface points.

Definition 3.1 Let S and R be two subsets in N(27,p) and p be a point in both S and R. S and R are
zeometric equivalent if and only if there is an one to one mapping f : S — R which satisfies:

(1) 1(») =»p,
(2) d(z,y) = d(f(z), f(¥)), d is the distance for 6-connectedness.

(3) D(z,y) = D(f(z), f(¥)), D is the distance for 26-connectedness.
Where z and y in S and the distance means the length of the shortest path.

It is easy to see that the conditions (1) and (2) are necessary in Definition 3.1 for this equivalence. It is
2ot obvious that the condition (3) is necessary. However, without the condition (3), S and R in Figure 3.1 are
=quivalent.

LA s A
gl 7
(a) (b)

Figure 3.1 Two simple surface points

Lemma 3.1 The geometric equivalence relation is a mathematical equivalence relation.

A simple surface point p concerns with the point p and its surrounding points. The geometric equivalence
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relation classifies all N(27, p)’s subsets with point p into a number of geometric equivalence classes. Among these
classes, only a few of them make p as a simple surface point. Only 6-adjacent simple surface points are considered
in this paper. We will classify all simple surface points based on the geometric equivalence.

(1)

2) ®3)

(4)

) (6)

Figure 3.2 All types of simple surface points

Lemma 3.2!2 If p is a simple surface point, then each line_cell containing p in N(27,p) has exactly two
parallel-moves; any two surface_cells are line-connected in N (27, p), and there is no 3D_cell in N(27,p).
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Therefore, p is a regular inner surface point when p is a simple surface point. According to the two lemmas

above, we can obtain:

Theorem 4.1 There are only 6 types of simple surface points that are not geometrically equivalent to each
other ( see Figure 3.2).

Proof We can start with a point p and one of its directly adjacent points p’ because a isolated point can not
be a simple surface point. According to Lemma 3.2 and geometric equivalence, the line_cell (p, p’) must have two
parallel-moves. So, they derive two cases in Figure 3.3, and nothing else.

b P "

Al 7 b

k]

p a’

(a) (b)

Figure 3.3 Two cases derived by line-cell (p, p’)

4 % a : ‘
WAl i
p a} ....... a

Figure 3.4 Three cases derived by Figure 3.3
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Thus, the case (b) in Figure 3.3 can derive a simple surface point with three surface_cells in N(27,p). It is the
case (1) in Figure 3.2. Because each line_cell must have exactly two parallel-moves, from Figure 3.3 we can develop
the three cases with 3 surface_cells in Figure 3.4, which are possible to be simple surface points without duplicate
based on the geometric equivalence.

Continue the derivation, we can develop the 6 cases with 4 surface_cells in Figure 3.5 from Figure 3.4.

e

(a) (b)

(c) (d)

(¢) (®)
Figure 3.5 Three cases derived by Figure 3.4
Therefore, we get case (2) and (3) in Figure 3.2 from case (a) and (c) in Figure 3.5. Again, we can develop the
6 cases with 5 surface_cells in Figure 3.6 from Figure 3.5.
We get case (4) in Figure 3.2 from case (e) of Figure 3.6. We can see that point p in case (d) can not be a
simple surface point, and case (a),(b) (¢) and (f) in Figure 3.6 have only one choice to be a simple surface point.

When we add a surface_cell to case (a), (c) or (f), we get the simple surface point that is the same as case (5) in
Figure 3.2. When we add a surface_cell to case (b), it becomes case (6) in Figure 3.2.
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