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Abstract: Lipton and Zalcstein presented a constant time algorithm for testing if a group is abelian
in 12 . However, the reference only contains a short abstract without proof. In this paper, we give a
2
self contained proof for an n3 lower bound for the number of pairs (a, b) of elements with ab 6= ba
in every non-commutative group of size n. It implies a constant time randomized algorithm that
tests if a group of n elements is commutative. Our lower bound for the number of non-commutative
(p−1)(q−1)n2

pairs (a, b) (ab 6= ba) in a non-commutative group of size n has a generalized format
pq
where p > 1 is the least integer divisor of n, and q > p is the second least integer divisor of n.
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1. Introduction
Groups are fundamental algebraic structures and have applications in many fields.
The classification of arbitrary group structures under isomorphism has not been
fully understood. On the other hand, the description of structures of some restricted
groups have been completely obtained. One example is the structures of finite commutative groups, which are also called abelian groups. It is well known that a finite
abelian group can be decomposed to a direct product of cyclic groups with primepower order (called cyclic p-groups) 8 . There are some interesting algorithms to find
the decomposition
of finite abelian group 1−4 . Buchmann and Schmidt 2 showed an
p
O(m |G|) time algorithm to compute the decomposition of an abelian group G
with a set of generator of size m. Recently, Chen and Fu 4 showed linear time
deterministic algorithm and sublinear time randomized algorithm to compute the
decomposition of an abelian group.
There is a series of works in group isomorphism testing. No polynomial-time algorithm has been found for determining if two general groups are isomorphic. Miller 14
showed an O(nlog n+O(1) ) time algorithm for the group isomorphism problem. Savage 16 claimed the isomorphism between two abelian groups can be checked in O(n2 )
steps. Vikas 18 improved it to O(n) time for the abelian p-group and O(n log n) time
for abelian group. Kavitha 10 showed that the abelian group isomorphism problem
can be computed in O(n log log n) time. Garzon and Zalcstein 6 also discussed polynomial time algorithms for the isomorphism problem of abelian groups. Recently,
Kavitha 9 , using a new method for computing the orders of all elements in O(n)
3

4
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time, obtained an O(n) time algorithm for the abelian group isomorphism problem.
The methods for computing the order for one element in an abelian group was also
reported in 1, 17 . More recently, Gall 5 showed efficient isomorphism algorithms for
a class of nonabelian groups.
Lipton and Zalcstein presented a constant time algorithm for testing if a group
is abelian group in 12 . However the reference only contains a short abstract without
proof. Hong and Tang 7 developed O(n2 ) algorithms to test finite groups, rings, and
fields. Kumar and Rubinfeld 11 presented a series of super-linear time algorithms
to test the properties of group operations. Since finite abelian groups have clear
structure description, a natural problem is to test the commutative property of a
group. Kavitha 10 showed an O(n) time deterministic algorithm to test if a group
is commutative. Testing the commutativity of a group that has a set of generators
g1 , g2 , · · · , gk has been studied by Pak 15 in randomized computing model and by
Magniez and Nayak 13 in quantum computing model. Pak developed a randomized
algorithm with O(k) group operations and proved that the deterministic algorithms
have quadratic time lower bound. Magniez and Nayak designed a quantum algo2
2
rithm with complexity Õ(k 3 ) and also proved lower bound Ω(k 3 ) for quantum
query complexity, and lower bound Ω(k) for randomized complexity.
2
We derive an n3 lower bound for the number of pairs (a, b) with ab 6= ba of
elements in a non-commutative group of size n. It implies a constant time randomized algorithm to test if a group of n elements is commutative. The upper bound
in our randomized algorithm has no conflict with the lower bound of Magniez and
Nayak 13 since the input of our algorithm is the entire set of group instead of a
set of generators used in the algorithms in 13, 15 . This is in contrast to the previous
O(n) time deterministic algorithm of Kavitha 9 , who also pointed out that all deterministic algorithms for group commutativity have an Ω(n)-time lower bound. The
input group with n elements to our algorithm is stored in an array of n elements
and the multiplication table of the group can be accessed as a black box during the
computation.
2. Notations
For a set A, |A| denotes the number of elements in A. For two sets A and B, A ∩ B
is the intersection set of A and B, A − B is the set of all elements that are in A but
not in B; and A × B is the set {(a, b)|a ∈ A and b ∈ B}. For elements a, b in a set
A, (a, b) represents a pair of elements of A. We note that all pairs considered in this
paper are ordered. In other words, (a, b) 6= (b, a) if a 6= b. For two integers x and y,
x|y means that y = xc for some integer c (in other words, x is a divisor of y).
A group is a nonempty set G with a binary operation “·”, which is closed in set
G and satisfies the following properties (for simplicity, “ab” represents “a · b”): 1)for
every three elements a, b and c in G, a(bc) = (ab)c (associativity); 2)there exists an
identity element e ∈ G such that ae = ea = a for every a ∈ G; 3)for every element
a ∈ G, there exists an inverse a−1 ∈ G with aa−1 = a−1 a = e. A group G is finite
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if G has only finite elements. Let e be the identity element of G, i.e. ae = a for
each a ∈ G. For a subgroup H of the group G and an element a ∈ G, define the left
coset aH = {ah|h ∈ H}. A group G is an abelian group if ab = ba for every pair of
elements a, b ∈ G. If H is a subset of a group G with the binary operation · and is
also a group under ·, then H is called a subgroup of G.
3. Lower Bound and Algorithm
Our constant time algorithm for testing group commutativity follows from a lower
2
bound that every non-commutative group of size n has at least n4 + n2 pairs of
elements (a, b) with ab 6= ba. The lower bound will be improved later. In order
to let the people without any group theory background understand the algorithm,
we prove the following Lemma 3.1 and Lemma 3.2, which are well known in the
classical group theory. The entire proof of our algorithm is self-contained.
Lemma 3.1. Let G be a group and H be a finite subset of G. If ab ∈ H for any
a, b ∈ H, then H is a subgroup of G.
Proof. We show that H has the identity element e of G, and for every element a of
H, its inverse a−1 is also in H. Assume that a1 , a2 , · · · , am is the list of all elements
in set H. Let a be an arbitrary element in H. Consider the list aa1 , aa2 , · · · , aam . If
aai = aaj for some ai and aj , then a−1 aai = a−1 aaj , which implies ai = aj . Since H
is closed under the multiplication, the elements in the list aa1 , aa2 , · · · , aam belong
to H. Thus, the list aa1 , aa2 , · · · , aam is a permutation of the list a1 , a2 , · · · , am in
H. Since a ∈ H, we have aai = a for some ai ∈ H. Therefore, ai = e. Thus, e ∈ H.
Furthermore, aaj = e for some aj ∈ H. Therefore, element a has its inverse element
aj in H.
Lemma 3.2. Assume that G is a group and H is a subgroup of G. For any a, b in
G, either aH ∩ bH = ∅ or aH = bH.
Proof. Assume aH ∩bH 6= ∅. There are elements h ∈ H and h′ ∈ H with ah = bh′ .
We have (ah)h−1 = (bh′ )h−1 = b(h′ h−1 ). Since H is a subgroup of G, h′ h−1 ∈ H.
Therefore, a ∈ bH. We have aH ⊆ bH. Similarly, we also have bH ⊆ aH. Thus,
aH = bH.
Definition 3.1. Assume that G is a group. We have the following definitions:
• A pair (a, b) of elements in G is non-commutative if ab 6= ba.
• For each element a ∈ G, define CG (a) = {b ∈ G|ab = ba} and ¬CG (a) =
G − CG (a).
• Define DG = {a ∈ G|ab 6= ba for some b ∈ G}. In other words, DG = {a ∈
G|¬CG (a) 6= ∅}.

6
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Lemma 3.3. Every non-commutative group G with n elements has at least
non-commutative pairs.

n2
4

+ n2

Proof. For two arbitary elements b1 , b2 ∈ C(a), we have the following equations:
a(b1 b2 ) = (ab1 )b2

(1)

= (b1 a)b2

(2)

= b1 (ab2 )

(3)

= b1 (b2 a)

(4)

= (b1 b2 )a.

(5)

The transitions from (1) to (2), and (3) to (4) are due to the assumption that b1
and b2 are in CG (a). The other transitions follow from the associativity of the group
operation. By the definition of CG (a), we have b1 b2 ∈ CG (a). Since G is finite, so is
CG (a). By Lemma 3.1, C(a) is a subgroup of G.
Since G is not commutative, there exist elements a ∈ DG and a′ ∈ G such that
′
aa 6= a′ a. By the definition of CG (a), we get a′ 6∈ CG (a). By Lemma 3.2, G can be
partitioned into equal size subsets CG (a), b1 CG (a), · · · , bk CG (a) such that there is
no intersection between any two of them. Therefore, |¬CG (a)| ≥ n2 . Since aa = aa,
a ∈ CG (a) for every a ∈ G. Therefore, |DG | ≥ |¬CG (a) ∪ {a}| ≥ n2 + 1. For every
element a ∈ DG , we have proved that |¬CG (a)| ≥ n2 . Therefore, the number of nonP
2
commutative pairs is at least a∈DG |¬CG (a)| ≥ |DG |( n2 ) ≥ ( n2 + 1) n2 = n4 + n2 .
We now give a description of our algorithm.
Algorithm A
Input: a group G, its size n = |G|, and an integer parameter m;
Output: “Commutative” if G is commutative, or “Non-commutative” otherwise;
begin
Randomly select m pairs of elements (a1 , b1 ),(a2 , b2 ), · · · , and (am , bm )
in G;
If (ai bi 6= bi ai for some i ∈ {1, 2, · · · , m})
then return “Non-commutative”
else return “Commutative”;
end
End of Algorithm A
Theorem 3.1. For every integer parameter m > 0 (which can be considered as a
constant), there exists a randomized O(m) time algorithm such that if group G is
commutative, it always returns “Commutative”, and if group G is not commutative,
it returns “Non-commutative” with probability at least 1 − ( 34 )m .
Proof. We show that Algorithm A has the property of the theorem. If G is a
commutative group, ai bi = bi ai for each pair (ai , bi ) selected in the algorithm. Thus,
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the algorithm always returns “Commutative”. Assume that G is not a commutative
group. For a randomly selected pair (ai , bi ) of elements in G, with probability at least
n2

+n

( 4 n2 2 ) > 14 , we have ai bi 6= bi ai (by Lemma 3.3). In other words, with probability
at most 1 − 14 = 34 , ai bi = bi ai for a randomly selected pair (ai , bi ) of elements
from G. For m pairs (a1 , b1 ),(a2 , b2 ), · · · , and (am , bm ) selected randomly, with
probability at most ( 34 )m , we have ai bi = bi ai for i = 1, 2, · · · , m. With probability
at most ( 34 )m , the algorithm returns “Commutative”. Thus, with probability at
least 1 − ( 34 )m , the algorithm returns “Non-commutative”.
An interesting problem is to identify the largest constant c0 such that every
non-commutative group has at least c0 n2 non-commutative pairs. We have proved
c0 > 14 . The quaternion group Q8 has 8 elements {1, −1, i, j, k, −i, −j, −k} with
the following fundamental equation i2 = j 2 = k 2 = ijk = −1, which implies the
following multiplication table:
ij = k, ji = −k,
jk = i, kj = −i,
ki = j, ik = −j.
The identity of Q8 is 1. The elements 1 and −1 have the property 1a = a, and
(−1)a = −a for every element a ∈ Q8 .
Let A be an abelian group of k elements. The group G = A × Q8 has
n = 8k elements, where the operation “·” is defined by (a, b) · (c, d) = (ac, bd) for
(a, b), (c, d) ∈ G. The subgroup G′ = A×{1, −1} of G contains 2k = n4 elements. For
2
every element a ∈ G′ and every element b ∈ G, we have ab = ba. G′ × G contains n4
2
2
elements. Therefore, the group G contains at most n2 − n4 = 3n4 non-commutative
pairs. Therefore, c0 ≤ 43 . A similar example was also used by Kavitha showing the
lower bound Ω(n) for deterministic algorithms testing group commutativity 10 . We
present the following theorem, which is a generalization of Lemma 3.3.
Theorem 3.2. Every non-commutative group G with n elements has at least
(p−1)(q−1)n2
non-commutative pairs, where p > 1 is the least divisor of n, and
pq
q > p is the second least divisor of n.
Proof. The proof is similar to that of Lemma 3.3. Let CG = {a|ab = ba for every b
in G} be the center of group G. We have CG = G − DG . Assume a ∈ DG . CG (a) is
a proper subgroup of G. Thus, |C|G|
> 1. On the other hand, |C|G|
is a divisor
G (a)|
G (a)|
of |G| = n. Since p is the least prime number with p|n, we have
|CG (a)| ≤ np and |¬CG (a)| ≥ (p−1)n
. Since ¬CG (a) ⊆ DG , a
p
(p−1)n
set DG contains at least p + 1 elements. Therefore, CG
elements.

|G|
|CG (a)|

≥ p. Thus,

∈ DG and a 6∈ ¬CG (a),
contains at most

n
p

−1

8

Fu/Testing Group Commutativity in Constant Time

On the other hand, CG is a subgroup of G. We have |CG | = |G|
k for some integer
|G|
k with k||G|. Since |CG | ≤ p − 1, we have k > p, which implies k ≥ q. Therefore,
P
|DG | = |G|− |CG | ≥ n− nq = (q−1)n
. Thus, group G has at least a∈DG |¬CG (a)| ≥
q
)≥
|DG |( (p−1)n
p

(q−1)n (p−1)n
( p )
q

=

(p−1)(q−1)n2
pq

non-commutative pairs.

It is easy to see that (p−1)(q−1)
= 31 in Theorem 3.2 is minimal when p = 2 and
pq
q = 3. We have the following corollary, which slightly improves Lemma 3.3.
Corollary 3.1. Every non-commutative group G with n elements has at least
non-commutative pairs.

n2
3

Theorem 3.2 indicates an interesting property about non-commutative groups.
For a non-commutative group G of size n with least prime p divisor, at least half of
the pairs (a, b) in G × G are not commutative if p ≥ 3.
4. Conclusion
In this paper, we obtained an O(1)-time randomized algorithm to check if a group
2
is commutative. We do not know if n3 is the optimal lower bound shared by all
2
2
non-commutative groups of size n. We hope the gap between n3 and 3n4 will be
closed.
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